Answers - Differentiation: chain, product and quotient rules

Answers - Differentiation: chain, product
and quotient rules

Year: Year 13

Answer to Question 1

d
Method (chain rule): if y = f(g(x)), then % = f'(g9(z)) x ¢'(z). Differentiate the
outside function, keep the inside unchanged, then multiply by the derivative of the
inside.
d
a. Outside: power 5; inside: 2z + 1. % — 5(2z + 1)* x 2 = 10(2z + 1), The final
answer is 10(2z + 1)*,

b. The inside function is —4x, whose derivative is —4; the exponential is unchanged.

d
d—?:: = —4e % S0 the gradient is always negative.
!/
o oou 9 dy 1 10z
c. The derivative of Inu is o with v = dx* + 1. 31 X 10x = NN So
dy 10z
de  5z2+1°

d. The outside function is sin, which becomes cos; the inside 3z2 gives the factor 6z.

d d
d_:?j: = cos(3z?) x 6z = 6z cos(3z?). So d—z = 6 cos(3z?).
Answer to Question 2
. dy dv du . , ,
Method (product rule): if y = uv, then — = u—— + v——. Write down u, v, u’ and v

dzx dx dx
first, then substitute and factorise.

a. The derivative of €2 uses the chain rule. u = z3, v = €%, w/ = 3z2, v/ = 2e**,
dy
dzr

form.

z3 - 2e?® + e?* - 3z = z?e*(2x + 3). Factorising z2e>® gives the neatest

2

1
b. The derivative of Inz is =z u=2z% v=Inz:

d 1 d
Y22 = tozlhe=z+22lnz = z(1+2Inz). So 2Y = z(1+2lnz).
dx T dx
c. The derivative of sin 3z is 3 cos 3 by the chain rule. © = z, v = sin 3z:
d d
d—y =x-3cos3x +sin3x = 3z cos 3z + sin 3xz. So d—y = 3x cos 3z + sin 3zx.
T T
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Answer to Question 3

_ dy vu —uv .
Method (quotient rule): if y = —, then P 7 The order in the numerator
v

matters: start with the denomlnator times the derivative of the numerator.

a. Hereu =2z +1,u’ =2, v= x>+ 3, v/ = 2z. Expand the numerator carefully.

dy (#*+3)-2—(2c+1)-2z 2z°+6—42> -2z —22°—2z+6 "
dr (2 + 3)2 B (z2 + 3)2 o (x243)2 ©
numerator can also be written —2(z* + = — 3).
. dy ze*—e*-1 e"(z—1)
b. Hereu =€, u' =e*,v=2,v =1 — = = . So the
dx x2 x2

gradient is zero only when z = 1.

c. Here u = sinz, v = 22, After using the rule, divide the top and bottom by .

dy z?cosz —sinz - 2z xcosx —2sinz dy rcosr —2sinx

dz x4 x3 ' da: x3

Answer to Question 4

Method: in implicit differentiation, differentiate each term with respect to z; a term in y

d
gains a factor d—z and zy needs the product rule.

d dy
a. Differentiate with respect to z: 2z + (y+ xd—y> + 2yd = 0. Collect:
dy  2z+y
2y)— = —(2 — = —
( + y)dm (2z +y), so dzr x + 2y

b. Substitute * = 1, y = 2 into the equation, then into the formula for the gradient.

2+2 4
1+ 2+ 4 =7 so the point lies on the curve. Gradient = 112 =5 So the

dy

. This is the required result.

gradient of the tangent at (1,2) is —%.
c. The normal is perpendicular to the tangent, so its gradient is the negative
. _ ) 5 _
reciprocal. The normal gradient is 1 y—2= Z(x —1),s0dy—8=5x—35,i.e.
5z — 4y + 3 = 0. So the normal is 5z — 4y + 3 = 0.

Answer to Question 5

|
@.
ce

dy  dy/dt

Method: for a parametric curve, = The tangent is horizontal when — =0
P dz  dz/dt’ 9 dat
dzx
and vertical when T =0,

dr
a. Differentiate « and y separately with respect to ¢, then divide. Fr 2 and

maths-pdf.com 2/8



35— maths-pdf.com Answers - Differentiation: chain, product and quotient rules

dy dy 3t2 — 12
= =3t -12 —— = ——— . This si ifi 32 —4).
= )50 —— 5 This simplifies to 3 ( )
d
b. Set the gradient to zero, find ¢, then substitute each value into  and . % =0

whent? =4,t =42 Att=2:(5,—16). Att = —2: (—3,16). So the stationary
points are (5, —16) and (—3,16).
27 — 12

c. Substitute ¢ = 3 into the formula from part a). At ¢t = 3: 3 = 7.5. So the

gradient att = 3 is 7.5.

Answer to Question 6

d
Method (chain rule): if y = f(g(x)), then % = f'(g9(z)) x ¢'(z). Differentiate the

outside function, keep the inside unchanged, then multiply by the derivative of the
inside.
d u’ dy 3
. —1 = — Wi =3z -2 — =
a. Use I n(u) " with u = 3z 2 = 353
b. Find the point and the gradient at z = 1, thenuse y — y1 = m(z — z1). Atz = 1,

. This is defined only for > 3.

3
y=1In1 =0 and the gradient is — = 3. Tangent: y = 3(z — 1) = 3z — 3. So the

1
tangent is y = 3z — 3.
1
c. The normal gradient is the negative reciprocal of 3. Normal gradient = 3
1
y=——=(x—1),s03y=—z+1,i.e.z+ 3y =1.So the normal is z + 3y = 1.

3

Answer to Question 7

a. Substitute t = 0, remembering that e’ = 1. At t = 0, P = 200. So the colony starts
with 200 bacteria.
b. Differentiate the exponential with the chain rule.

dP
i 200 x 0.3e%3 = 60e%3 = 0.3P. So the rate of growth is proportional to the
size of the colony.
, , dP dP 19 _
C. Substitute t = 4 into i 60e"“ = 199 bacteria per hour. So after 4 hours

the colony grows by about 199 bacteria per hour.

5
d. Set i 100 and solve with natural logarithms. 60e%3! = 100 gives e%3 = 350
In(5/3) . -
t= 03— 1.70 hours. So this happens after about 1.70 hours, which is 1 hour
42 minutes.
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Answer to Question 8

a. Initially # = 20 + 70 = 90°C. As t — oo, e %% — 0 50 § — 20°C (room

temperature). So the tea starts at 90 °C and cools towards 20 °C.

dé
b. Use the chain rule: 70 x (—0.05) = —3.5. i —3.5e %% \which is always

negative, so the tea is always cooling.
c. Express e %% in terms of 6. 6 — 20 = 70e %%, 5o
3 do . .
—0.05(6 — 20) = —3.5¢ 7005 = e This is Newton's law of cooling: the rate of
cooling is proportional to the difference from room temperature.
d. Substitute t = 10. —3.5¢7%% = —2.12, so the tea is cooling at 2.12°C per minute.

Answer to Question 9

dC
a. Product rule: — = 12e 05 4 12¢(—0.5)e 05 = 12¢ 054 (1 — 0.5¢) = 6 -5/(2 — 1),

dt
dC
= = 0 when t = 2 (as e %% > 0). The gradient is positive for t and negative for
t > 2, so this is a maximum. C(2) = 24e~! = 8.83 mg/I.
c. C > 5 from about t = 0.5 to about t = 5 (reading between table values:
C(1) =7.28, C(4) = 6.50, C(6) = 3.58), so roughly 4 to 5 hours. Solving exactly
gives 0.55, about 4.4 hours.

b.

Answer: the concentration is greatest after 2 hours, at about 8.83 mg/l, and the drug is
effective for about 4.4 hours.

Answer to Question 10

a. Quotient rule:
dS  (t*+4)-400 — 400t -2t 400t 4 1600 — 800t>  400(4 — t)

dt (12 + 4)2 (12 + 4)2 T (12 +4)2

b. % = 0 whent =2 (¢t > 0). The numerator changes from positive to negative, so
a maximum. S(2) = % = 100 ice creams per hour.

c. S(6) = % = 60. Ast — 00, S — 0: sales fall to zero in the long run, but in
reality the seller closes, the weather changes and demand depends on the time

of day.

Answer to Question 11
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Method: connected rates of change are linked by the chain rule, for example

dv dV dr
= Find the derivative of the formula first, then substitute the given

a6 dr dt
values at the end.
dv dv dV dr
. — =4’ — = — =4 =4 = 727 = 22
a. Here I r 7 I dt mr? x 0.5 mx 36 x0.5="T27w 6 cm
3571 S0 the volume grows at about 226 cm3 per second at that instant.
dA dA
b. Here —~ = 8. E—87rr><05—87r><6><05—247r—754cm s ! So the
T
surface area grows at about 75.4 cm? per second.
dv dVv o dr
C. Look at the formula for dr 47r? n depends on 7, which keeps growing,

so the volume increases ever faster. So a larger balloon needs more air for the
same increase in radius.

Answer to Question 12

Method: connected rates of change are linked by the chain rule, for example

dv v dr _ o . ) .
—— = —— X ——. Find the derivative of the formula first, then substitute the given
dt dr dt
values at the end.
h h\? ~— wh?
a. Replace r by B so that V depends on honly. V = %W(E) h = BER This is the
required formula.
b, Th | q av 20 av. mh? dv._ dV dh
. The volume decreases, s0 —~ = “ah 4 dt  dh dt gives
w x 100 dh dh 80
—20= """ g0~ =~ = 0.2 -1
0 1 7' 50 3 100~ 0.255 cm s~ . So the depth falls by
about 0.255 cm per second when the water is 10 cm deep.
dh dh 80
c. Look at how — depends on h. — = ———: as h falls the funnel narrows, so
dt dt wh? "

each cm?® lost corresponds to a larger drop in depth. When h is halved, the depth
falls four times as fast.

Answer to Question 13

|
i@

dy _ dy/dt
dz ~ dz/dt’

. The tangent is horizontal when — =10

Method: for a parametric curve, gt

dzx
and vertical when p7y =0,

d
a. Factorise d_?; because it will be needed in part b).
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dy dz dy 3(t—1)(t—3)
2 =3t2-12t+9=3(t—1)(t—3 — =4 —= = ,
pn + ( )( ) and o )50 —— 4
d
b. Set d—z = 0 and substitute each value of t into « and y. Horizontal when t = 1 and

t =3.t=1:(4,4), a local maximum (gradient changes from + to —). t = 3:

(12,0), a local minimum. So the track is horizontal at (4,4) and (12, 0).
3x3x1
C. Substitute t = 4 into the gradient formula. At t = 4: — - 2.25, so the

track is climbing. So at the end the track rises 2.25 m for each metre forward.

Answer to Question 14

1

a. Differentiate cos 2t with the chain rule: it gives —2sin2t, v = —10sin2t cm s~ .
The velocity is negative just after t = 0, so the bob first moves towards the rest
position.

b. Differentiate v once more. a = —20 cos 2t = —4(5 cos 2t) = —4x. This is the

equation of simple harmonic motion.
c. The bob is at rest when the velocity is zero. v = 0 when sin 2t = 0: 2t = , so

T
t= 7= 1.57 s (at t = 0 the bob is also at rest, at its starting position). So the

bob is first at rest again after about 1.57 seconds.
d. The sine function takes values between —1 and 1. The maximum of |—10sin 2¢| is
10 cm s~ L. This happens when the bob passes through its rest position.

Answer to Question 15

d
a. Product rule: % =2ze ¥ — 2% =ze ¥(2 —z).
d

b. d—z =0whenz =0o0rz =2 Atz = 0: (0,0) is a minimum (the gradient is

positive just after). At z = 2: y = 4e % = 0.541, so (2,0.541), a maximum

(gradient positive before, negative after).
c. Therangeis0 <y < 4e~% As x — 00, y — 0 because e ? shrinks faster than

grows.
d2y
dx?
maximum.

2

=e ¥(x? —4x+2). Atz =2: e *(4 —8+2) = —2e 2, confirming a

Answer to Question 16

) dy 2z +y ,
Method: use the gradient formula — = — . A horizontal tangent needs a zero
dx x + 2y

numerator; a vertical tangent needs a zero denominator. In each case substitute back
into the equation of the curve.
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d 2r +
a. From the earlier result & = — Y
dz T+ 2y

2z +y=0,ie y=—2z.

b. Substitute: 22 + z(—2z) + 422 =322 =7,s0x = :l:\/g = +1.53. Points:
(1.53,—3.06) and (—1.53,3.06). So the tangent is horizontal at (1.53, —3.06) and
(—1.53,3.06).

c. A vertical tangent has the denominator zero: 4+ 2y = 0, z = —2y. Substitute:
4y* — 2y* +y* = 3y® = 7, y = +1.53. Points: (—3.06,1.53) and (3.06, —1.53). So
the tangent is vertical at (—3.06,1.53) and (3.06, —1.53).

d
. A horizontal tangent has % =0, so

Answer to Question 17

|
<

Method: f tri dy _ 9y/dt L tangent is horizontal wh —0
ethod: for a parametric curve, —— = dzjdt e tangent is horizontal when —- =
d vertical when 2% = 0

and vertical when —- = 0.

dx dy dy 2cost 2
. — = —3sint, — = 2cost —— = —— = ——cott.
& at SRE g T e T T3sint . 30
T 3 2
b. Att = 1= E = 2.12, y = v/2 = 1.41 and the gradient is -3 Tangent:
2 3 2
— Q= —— —_—— = —— 2v 2,
y—V2 3(93 \/5>,soy ks V2
2 2
9 2, . _ R &L Yy
c. cos“t +sin“t = 1 with cost = — and sint = = gives — + — = 1.
3 2 9 4
dx .
d. Vertical tangent when —- = 0:sint =0, t = 0, 7: the points (3,0) and (—3,0).

Answer to Question 18

Method: to check a solution of a differential equation, find ¥’ and y”, substitute into the
left-hand side and show that it equals the right-hand side.

a. yl = 24e®® — 3Be 3% and y/ = 4Ae** + 9Be %* Then
yl +yl — 6y = (4+2 —6)Ae?* + (9 — 3 — 6)Be 3% = 0.

b. A+ B=1and2A —3B= -8 Fromthefirst B=1—A:2A—-3+3A= -8, so0
A=—-1,B=2 Soy= —e> 4237,

c. y(1) = —e? +2e3=-7.39+0.10 = —7.29.

d. y — —oo because the e?® term with negative coefficient dominates.

Soy= —e?® +2e73%, y(1) ~ —7.29, and y decreases without limit.

Answer to Question 19

Method: in an optimisation problem, use the constraint to write the quantity in terms of
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Ml

o

one variable, set the first derivative to zero, and use the second derivative to check
the nature of the stationary point.

500 500 1000

a.V:wr2h:50050h:—2.ThenA:7rr2+27rr-—2:7rr2+ .

dA 1000 ™ 500 i i
b. — = 2mr — —— =0 gives r* = —, so 7 = ¥/159.15 = 5.42 cm.

T T T

d2A 2000 o o
C. =27 > 0forr >0, soitisa minimum.

dr? r3

1000 500
A,in = 7(5.42)%2 + —— = 92.3 + 184.5 = 277 cm? h=—— =5.42
m(5.42)% + =10 + cm® and (5.42)° cm

(equal to r).

Answer: the container uses the least material when r = h =~ 5.42 cm, with an area of
about 277 cm?.

Answer to Question 20

Method: when the variable appears in both the base and the power, take natural
logarithms of both sides and differentiate implicitly.

. 1d sin .
a. Iny = sinz In z. Differentiate: ;d—y =coszlnz + — Multiply by y = "%,

i
This uses the product rule on sinzInz,
s s T LT 1 2
b. Atx = —:y= —.cos — = 0 and sin — = 1, so the bracket is — = —. Hence
2 2 2 2 /2 m
dy T 2 _ _—
dr 2 X P 1. So the gradient of the curve at * = 5 is exactly 1.

Answer to Question 21

Method: write the tangent at a general point with parameter a, then impose the
condition that it passes through the origin.

a. The tangent at (a,e”) has gradient e*: y — e® = e*(x — a). It passes through (0,0):
—e® = —ae? soa = 1. The tangent is y = ex.

1 1
b. The tangent at (a,Ina) has gradient E: y—Ina= E(:z: — a). Through the origin:

x
—Ilna = —1,so0a =e. The tangentisy = P
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