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Answer to Question 1 (4 marks)

a. fo =2zeY, f, = x%eY, fi = 2z€¥ (2).
b. At (2,0): f =4, fy=4(1). Theplaneis z—4 =4(z — 2) + 4y, i.e.
z=4r +4y —4(1).

In (a), to find f; treat y as a constant, so €Y is a constant factor; to find f, treat = as a
constant, so =2 is a constant factor. Differentiating f, with respect to y gives fzy, and
fyz = 8,,(3:263/) = 2zeY is the same, as Clairaut's theorem predicts. In (b), the tangent
plane is z = f(a,b) + fz(a,b)(z — a) + fy(a,b)(y — b); check that (2,0, 4) lies on it:
8+0—-4=14.

Answer to Question 2 (4 marks)

fz = 32% — 12 = 0 gives = = +2; fy=2y—4=0givesy = 2 (2). fzz = 6z, f, =2,
fay =0,50 D =12z (1). At (2,2): D =24 > 0, fz, > 0: minimum. At (—2,2): D: saddle
(1).

The critical points are where both first partial derivatives vanish, so solve the two
equations together, giving (2,2) and (—2,2). The discriminant is

D = foufyy — f2, =62 x2—0=12z. At (2,2), D > 0 and fz. = 12> 0, so it is a local
minimum with value 8 — 24 +4 — 8 = —20. At (—2,2), D = —24 < 0, so it is a saddle
point: the function increases in some directions and decreases in others.

Answer to Question 3 (4 marks)

(v?,2zy) = A\(1,1) so y* = 2zy (1), giving y = 0 or y = 2z (1). With y = 22: 3z = 3,
x =1,y =2 (1). Maximum value f =1 x 4 = 4; the other candidate y = 0 gives f =0
(1).

The method sets V f = AVg with constraint g(z,y) = = + y = 3, whose gradient is (1,1)
. Equating the two components gives y?> = X and 2zy = A. The endpoints of the
constraint segment, (3,0) and (0, 3), both give f = 0, so the maximum on the closed
segment is 4. Check by substitution: f = (3 — y)y? has derivative 6y — 3y> = 0 at y = 2.

Answer to Question 4 (4 marks)

a. Inner: fol(a: + 2y)dz = 1 + 2y (1). Outer: foz(% +2y)dy =1+4=5(1).
ompel Tdr
b. [y o T2 df=2mr-1In2 (1) = wln2 (1).
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In (a), integrate first with respect to , treating ¥ as a constant: [% + 2:By] 0 % + 2y.

Then integrate with respect to y: [% + yﬂi =144 =5.1In (b), change to polar
coordinates with 2 + y2 =712 and dA = rdr df; a common error is to forget the
Jacobian factor r. The disc corresponds to 0 < r <1 and 0 < 0 < 27, Substituting

u=1+72 gives fol Tzdr = 1In2,

Answer to Question 5 (4 marks)

a. V=24m3V,=y2=6,V,=22=8,V, =zy =12 (2).
b. |[dV] < (6 + 8 + 12)(0.05) = 1.3 m® (2), about 5.4% of V.

In (a), each partial derivative is the product of the other two sides, because V is linear
in each variable. In (b), the total differential is dV = V,dz + V, dy + V. dz, and the

worst case takes every error with the same sign, |dz| = |dy| = |dz| = 0.05. Check
against the exact worst case: 4.05 x 3.05 x 2.05 ~ 25.32, which is about 1.32 m3 more

than 24, close to the estimate. The relative error is 1.3 =+ 24 ~ 5.4%.
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