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Year: Further Maths

Answer to Question 1

Method: an improper integral has an infinite limit or an integrand that is unbounded at
an end point. Replace the problem limit by a letter (R or a), integrate normally, then
let the letter tend to its limit. If the limit is finite, the integral converges.

R 1
a. Replace oo by R: [-1]7. [z 2de =1 7 — Las B — oco. Converges. So
dz

f1oo_2 =1,

X
1
b. The integral of % is In 2, which has no upper bound. flR = dr =In R — o0.
Diverges. Although % — 0, it does not tend to 0 fast enough.
c. The integrand is unbounded at 0, so replace 0 by a and leta — 07,
fal z2de =2 —2y/a — 2 as a — 0*. Converges. So the area under ﬁ from 0
to 1 is finite and equal to 2.

1
d. Replace oo by R; e 3% - 0. [Fe3dz = = (1 — e 3F) — —. Converges. So the

3

w| =

integral equals é

Answer to Question 2

Q

By parts: [ze %dz = —ze ® — e Between Oand R: 1 — (R+1)e % — 1.
. [Inzdz =2zlnz — 2. Fromatol: -1 —alna+a — —1since alna — 0.
. The integrand is undefined at £ = 1, inside the interval. Split:
1— 1 -1
——dr = | —— i imit. Di -2
fo (@—1) z lw — 1] grows without limit. Diverges (so the answer

N T

from the naive calculation is wrong).

1 1 1 z 1% R
 —— = — — |1 =In——+1In2 > In2,
d z(z+1) =« z+1 lnx—l—lll nR+1+n "

Answer to Question 3

dx

T 1 T
= arcsin — + cand | ———5 = —arctan — + c. If the
,/a2 a / a?+z2 a a
quadratic is not in this form, complete the square first and then substitute u = = + k.

Method: use /

T
a. Here a = 3: arcsin 3 + C.,

b. Take out the factor 4 so that the denominator has the form z? + a* with a = %
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1 1 1 , 1 )
m = Z . m The Integra| IS Z -2arctan2z = garctaHZm.

Between 0 and 1: %arctan2 ~ 0.5536.

’ ) [ . w]ﬁ V2 o
. a = 4, |arcsin — — arcsim — — —,
C ere ) 0 D) 4

1 x+1

d. 22+ 2z +5=(z+1)% +4. l;arctan 1

1
] = Earctanl —0= % So the
-1

integral equals § =~ 0.393.

Answer to Question 4

b
Method: rotating about the z-axis gives V' = 7r/ y? dz; about the y-axis,
a

d
V= 7r/ z? dy, with the limits in y. Square the function first, then integrate.
c

574
a. Squarey = yZtogety? =z. V =7 [, xde = w[%]o = 87 So the volume is

81 =~ 25.1 cubic units.

32 327
b. Squarey =z to gety®> =z, V = 7rf02 zidr = 7- = =5 So the volume is

321 2~ 20.1 cubic units.

c. Rotating about the y-axis, write z2 in terms of Yy and use the limits 0 and 4 for y.
2=y, s0V = 7rf04ydy = m-8 = 87 So the volume is 87 ~ 25.1 cubic units.
e?—1 (e’ —1)
2 2

d. Square y = e” to get e**. V = 7rfO1 e?*dx = - So the volume

is about 10.0 cubic units.

Answer to Question 5

a. ¢ = z% gives ¢ = 0 or z = 1; the line ¥ = = lies above the parabola between them.
b. Rotating the line alone gives a cone of cross-section z?; rotating the curve alone
gives a solid with cross-section 7(z2)? = mz*. The required solid is the cone with

the second solid removed, so the cross-section is a ring with area mx? — wxt,

S ' 1 1\ o2«
. =77 — — — =T _—— — = —_—
¢ 3 5, 3 5) 15

Answer to Question 6

1
b—a

b
Method: the mean value of f on [a,b] is / f(x) dz: the height of the rectangle
a
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on [a, b] with the same area as the region under the curve.

™ 1 1
a. sin®z = 1 (1 — cos2z), so Jo = % and the mean is pl % =3
dotde =2 1% _1.6_ B
b. [, z’dz 3 3 mean= o - 3
c. Jpefdz=1—e ,mean:T%0.4323
1 dx T 7y
: = — b—a=1 is — ~ 0.785
d. [, a2 = g andb-a=1sothemeanis

Answer to Question 7

Q

T
. M(T) = / 40e "% qt,
0

. M(T)=80(1—e%7T), At T =2:80(1— e ') =50.6 mg.
c. The absorption carries on for ever (it never exactly stops), so we take
limp o, M(T) = / 40e %%'dt = 80 mg, the mass of the tablet.
0
50.57

d. =0 - 63.2%, which is 1 — e,

(o

Answer to Question 8

b
Method: rotating about the z-axis gives V = 7r/ y2 dz; about the y-axis,
d a
V= 7r/ z? dy, with the limits in y. Square the function first, then integrate.
C

h o h 7Th2
a. V:ﬂ'an: dy:ﬂ'fo ydy:T.

64
b. Ath=8: —— = 327~ 101 cm’.
c. Theradiusis ¢ = /y = V6 ~ 2.45 cm.
56.55

d. Volume at 6 cm: 187 = 56.55 cm?3. Time = —0 2.83 s.

Answer to Question 9

b
Method: rotating about the z-axis gives V = 7r/ y* dz; about the y-axis,
a

d
V= 71'/ z? dy, with the limits in y. Square the function first, then integrate.
C
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a. Substitute £ = 9 into the equation of the line. At x = 9, y = 4: radius 4 cm, height
9 cm.
b. Square y and integrate from 0 to 9.

2 93
V:7rf09 (%w) de =m- é—? Y =- é—? - 243 = 487 cm? (= 150.8).
c. Use the radius and height from part a). %ﬂ" 16 - 9 = 48w, v The two methods

agree.
d. Mass is density times volume, with density 1.2 g per cm3. Mass = 1.2 x 150.8 =
181 g. So the cone holds about 181 g of ice cream.

Answer to Question 10
b
Method: rotating about the z-axis gives V = 7r/ y2 dx; about the y-axis,
a

d
V= 7r/ z? dy, with the limits in y. Square the function first, then integrate.
C

a. Square both sides of y = v/ 100 — z2, z? + y? = 100 with ¥ > 0: a semicircle with

centre the origin and radius 10 m.
b. Square y and integrate from 0 to 10.

3110
1000 2000
V =x[,°(100 — 2?)dz = 71'[100:1: - %] = <1000 - ) = "~ 2094

0 3 3
m®,
5 5 20007
c. 3m-10° = 3 7 The two methods agree.

d. Multiply the volume by the power needed per cubic metre. 0.08 x 2094 ~ 168
kW. So about 168 kW of heating is needed.

Answer to Question 11

a. t=0:14°C.t = 6: 14+6sin% =20°C.t=12: 14 + 6sin7™ = 14°C.

_ 1 [ it
T = — 14 + 6 sin — ) dt.
b 12 /, ( Tosin 12)
t 12 144 _ 12
. [26sin—dt=6-—-2=— 50T =14+ — =17.8°C.
12 T T T
d. The temperature is at least 14 and reaches a maximum of 20, so the mean must

lie between 14 and 20; since it spends time above 14, it exceeds 14.

Answer to Question 12

1
b—a

b
Method: the mean value of f on [a,b] is / f(x) dz: the height of the rectangle
a

maths-pdf.com 4/7



Answers - Further calculus

on [a,b] with the same area as the region under the curve.

a. sin? A = (1 — cos 24), so P = 50(1 — cos 240mt).
2w 1

2407 120

b. The period of cos 240t is s, 50 T35 S (0.00833 s).

50 sin 2407t ] 1/120 50

=120 —— =
240 |, 120

B 1/120
c. P= 120/ (50 — 50 cos 2407t )dt = 120 l50t -
0
50 w.

d. Energy = 50 x 60 = 3000 ).

Answer to Question 13

Method: an improper integral has an infinite limit or an integrand that is unbounded at
an end point. Replace the problem limit by a letter (R or a), integrate normally, then
let the letter tend to its limit. If the limit is finite, the integral converges.

Q

1
3
. Integrate the current from 0 to 1. @ = / e Hdt = 5(1 — e_2) ~ 1.30 C.
0

o0
b. Let the upper limit tend to infinity: e 2% — 0. / 3e %dt = 1.5 C. So in total 1.5
0
coulombs flow.

c. Set the charge equal to half of 1.5 C and solve with logarithms.

3
5(1 —e ) =0.75,e?" = 1, T = 3In2 ~ 0.347 s. So half the charge has

flowed after about 0.35 s.

1.29
d. Use the mean value formula on [0, 1]. Mean = — = 1.30 A (the mean over

one second equals the charge in that second).

Answer to Question 14

Method: an improper integral has an infinite limit or an integrand that is unbounded at
an end point. Replace the problem limit by a letter (R or a), integrate normally, then
let the letter tend to its limit. If the limit is finite, the integral converges.

1 1
a. —[arctanz]™ = —(1 - 1) =1.
m

T 2 2
b 1[a ctan | 1 r_1
. —larctanz]; = — - — = —.
m O r 4 4
1 (7r 71') 1
“7\2 1) 71
T 1
d. fOR mdm = %ln(l + R?) — o0, so the integral on each side diverges. The

mean is undefined even though the distribution is a valid one.
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Answer to Question 15

R'P —1
a. Forp#1, flRm‘pdx — W If p > 1then R'"? — 0 and the limit is 1 If
p then R — co. If p = 1 the integral is In R — oo, Converges only for p > 1.
1 1
b. pTl = 5,50?—3.
1 _ 1—al? 1— e 1
C. fa x Pdr = = forp # 1. If pthen a* P — 0 and the limit is T Ifp>1

the limit does not exist (forp = 1 itis —Ina — c0). Converges only for p.

2
d. z = u? dz = 2udu, \/E—u/ Lu)

Answer to Question 16

b
Method: rotating about the z-axis gives V = 7r/ y2 dz; about the y-axis,
a

= 2[arctanu];” = .

d

V= 71'/ x? dy, with the limits in y. Square the function first, then integrate. For the
C

region between two curves, use w/(y% — y3) dz, where y1 is the outer curve.

a. Solve the two equations simultaneously. z? = 2z gives z = 0 or 2: (0,0) and

(2,4).
b. The line is above the curve between the two points, so integrate line minus curve.
2 372
x 8 4
/(2x—x)dx—[m ——] =4— — = _.Sotheareaof Ris 3.

c. The outer radius is 2z and the inner radius is 2. Do not square the difference.
2 5 2
4x T 32 32 64
V = 21)2 de =71|— — —| = —_— — | = — th
71'/(;((%) — (z%)?)dz = 71'[3 5]0 71'(3 5) G . So the

volume is 6{1—; ~ 13.4.

64
d. 1dm3is 1 litre. F ~ 13.4 litres.

Answer to Question 17

a. The curve startsaty =1, risestoy =2atx = 5 andreturnstoy = l atz = .
The vase is widest in the middle (radius 2 cm) and has radius 1 cm at both
ends like a barrel.

b. ¥ =1+2sinz+sin®z =1+ 2sinz + (1 — cos2z) = 2 + 2sinz — 4 cos 2z,

c. V=m[3z—2cosz - 4sm2w} —7r(32’r +2—(-2)) :7r(4—|— 3.

d. V=n(4+4.712) ~ 27.4 cm?. A cup holds 250 cm?, so the vase fills 0.11 of a
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cup, far less than one cup: the vase is small.

Answer to Question 18

a. Iy= [ e dw = [—e "] =

o0
b. Letu = 2", dv = e *dz: I, = [-z"e *|; + n/ 2" e ®dx. The boundary term
0

is0atz =0 (forn > 1) and tends to 0 as * — oo because exponentials grow

faster than any power. Hence I,, = nl,_;.
c. 1 =1-1=1,1,=2-1=2,13=3-2=6,14,=4-6=24.
d. I, = n!l. (This is the idea behind the gamma function.)

Answer to Question 19

8
=
8

d
— arcsin — + ¢ and /—m = —arctan — + c. If the
a a

Method: use/ 3 5
a‘ +x a

\/a2—a:

quadratic is not in this form, complete the square first and then substitute u = = + k.

a. 4z — z?> =4 — (x — 2)?, so the integral is
x—2

. . . ﬂ- . 0
[arcsm ] = arcsin 1 — arcsin(—1) = — + — = 7. (It is improper because
0

2 2
the integrand is unbounded at both ends, yet converges.)

z— 2
b. 22 — 4z + 13 = (z — 2)? + 9. l—arctan 3 ]2 :%.%:%_
/5 de arctan1 = ——. Interval length 3. M T~ 0.0873
: —————— = larctanl = — = — ~0. _
C ) ( )2 n 9 3 12 nterval leng ean 36

Answer to Question 20

* 1
a.V:ﬂ'/ —dr=7-1=m.
1

72
dy 1 1 1 o0
b. %:—g,sowl—kﬁ>1andy,/...>;form21. Hence A > 27 [

oo 1
c Ji . dz diverges (it is In R — 00), so by comparison A diverges.

d. A finite volume of paint spreads over a surface of infinite area if the layer of paint
gets thinner and thinner. A real layer cannot become thinner than one molecule,
so the paradox disappears in the physical world; it is a statement about idealised

mathematics only.
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