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Answers - Differential equations

Year: Further Maths

Answer to Question 1

d
a. I =e32, d—(ye?’”) = 6e%, so ye3® = 2e3* + Aandy = 2 + Ae 3%,
T

dy d 4
 Divi . =2 Zy=41= 2lnz _ 2._ 2 :42 2, _ * .3 C
b. Divide by = dm+a:y e x dz(m y) = 4z?, so z%y 37 +
4
andy=§x+§_

d

c. I = eltanzdz _ g—lncosz _ o0 0. d—(ysecm) =coszsecx =1,soysecz =z +C
T

andy = (z + C)cosz,
d
d. I =e* —(ye®®) =¢e" soye®®* =e*+Candy=e %+ Ce 2 Whenz = 0:

dz
1+C=3C=2Soy=e *+ 2 %,

Answer to Question 2

Method: for ay” + by’ + cy = 0, solve the auxiliary equation am? + bm + ¢ = 0. Two real
roots give Ae™1* + Be™2%; a repeated root gives (A + Bz)e™"; complex roots p + ¢i
give eP*(Acos qr + Bsingz).

a. The auxiliary equation factorises. m? — 5m + 6 = (m — 2)(m — 3) = 0, distinct
real roots 2 and 3: y = Ae** + Be3* Check: €** gives 4 — 10+ 6 = 0.

b. The auxiliary equation is a perfect square. m? + 6m + 9 = (m + 3)% = 0, repeated
root —3: y = (A + Bz)e % The factor z is needed because Ae 3% + Be 3% would
contain only one constant.

c. The discriminant is negative, so the roots are complex with p = —2 and g = 3.
—4++/16 — 52
m = 5 = —24 3i: y = e **(Acos 3z + Bsin 3z) The solution

oscillates with decreasing amplitude.

d. Here the roots are purely imaginary. m? + 16 = 0, m = +4i (so p = 0):
y = Acos4x + Bsin4z This is undamped oscillation, as in simple harmonic
motion.

Answer to Question 3
a. Tryy=azx+b: —4a+3ax+3b=6z,soa=2and3b=38,b= %.TheCF has

roots 1 and 3. General solution y = Ae® + Be®® + 2z + %
b. The roots of m?> +m — 6 = 0 are 2 and —3, so €?? is in the CF. Try y = kze*":
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C.

v = k(1+ 2z)e*, y" = k(4 + 4z)e?®. Substituting,

k(4 + 4x) + k(1 + 2z) — 6kx = 5k, so 5k = 10, k = 2. General solution

y = Ae?® 4+ Be 3% 4 2ze*®,

Try y = asin 2z + beos 2z. ¥y’ = —4y, so y” + 9y = by, giving 5a = 1 and b = 0.
The CF is A cos 3z + Bsin 3z. General solution y = A cos 3z + Bsin3x + %sin 2x.

Answer to Question 4

Method: for ay” + by’ + cy = 0, solve the auxiliary equation am? + bm + ¢ = 0. Two real
roots give Ae™1* + Be™2%; a repeated root gives (A + Bz)e™®; complex roots p & ¢i
give eP*(A cos qx + Bsingz).

a.
b.
C.

. Usee

m>-—m-2=(m-2)(m+1)=0,som=2o0orm=—1,

Two distinct real roots give a sum of two exponentials. y = Ae* + Be™®,

Differentiate the general solution before substituting = 0 into ¥'.

y(0) = A+ B=1.y =24e** — Be™?,s0y'(0) =24 — B=5. Adding: 34 = 6,

A=2 B=-1y=2e"—e® Check: y(0) =2—-1=1andy'(0) =4+1=75.
M2 —gande M2=1 y=2-4—-1 =7550y(In2) =175

Answer to Question 5

a.

m?+16 =0, so x = Acos4t + Bsin4t, z(0) = A = 3 and z'(0) = 4B = 0. So
x = 3cos4t.

27 vy
. Amplitude 3 m; period VD) ~ 1.597 s.
T = —12sin4t¢, so the greatest speed is 12 m s ! (when passing through the

centre).

P =w?(a® —22) =16(9—4) =80,s0v=4V5~89%4 ms .

Answer to Question 6

yl — _267227’ y" — 4672.7:' Then 46723: _ 86723: + 467230 = 0.

y = (1—2z)e 2, y" = (4z — 4)e 2. Then (4z — 4) + 4(1 — 2z) + 4z =0, so it is
a solution.

The auxiliary equation has the repeated root —2, soy = (A + Bw)efzx. A second-
order equation needs two independent solutions to fit two initial conditions.
y(0)=A=1.9y =(B—24—-2Bz)e ?*,509y'(0)=B—-2=0, B=2,
y=(1+2z)e 22,

Answer to Question 7
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dé
Method: the substitution 8 = T' — 20 turns the law of cooling into — = —k6, whose

dt
solution is an exponential decay. Use the two data points to find the constant and k.
do
a. Separate variables or use 8 =T — 20: i —k0, so 8 = Gpe " with 6, = 70:

T = 20 + 70e~*,
b. 60 = 20 + 70e 5% gives e %k = %, so bk = ln% and k = %ln% =0.112 (3 s.f.).

In3.5  1.2528
. —kt —kt _ 2 — =
c. 40 = 20 + 70e " e 7.t A 0.11192

d. e® — 0, so T — 20°C, the room temperature.

~ 11.2 minutes.

Answer to Question 8

|
<

Method (integrating factor): write the equation as . + Py = Q, multiply by I = e/ P

d
; the left-hand side becomes %(Iy). Integrate both sides, remember the constant,
then divide by 1.
dcC

a. Move the C term to the left; P = 0.2, so I = e/ 024t — +0.20 =4, I =2,
d
b. Multiply through by I and integrate: [ 4e%%dt = 20e%*, E(Ceo'zt) = 4e%? 5o

Ce%? = 20e%2 + K. with C(0) = 0: K = —20. So C = 20(1 — e %2%) This is the
required result.
C. Look at the exponential term as t grows. e — 0, so C — 20 mg per litre.
This is where the drip rate balances the rate at which the body removes the drug.
d. Set C = 15 and solve with logarithms. 15 = 20(1 — e %), e 02 = 1 t =5In4 =
6.93 hours. So the target concentration is reached after about 6.93 hours.

—0.2¢

Answer to Question 9

a. Rate in = 0.1 x 4 = 0.4 kg per minute. Concentration in the tank is i so rate

200
Q _Q dq Q
=4 X — = — — =04 - —.
out X 500 50 Net rate 7t 50
b. 49 + 9 _ 0.4, I = /%0, Qe!/* = 20et/%° 4+ K. Q(0) = 10 gives K = —10:

dt 50
Q = 20 — 10e /50,
c. 15 =20 — 10e*/%0, e ¥/ = 1 't = 50In2 = 34.7 minutes.
d. @ — 20 kg, which is 0.1 x 200: the tank ends up with the same concentration
(0.1 kg per litre) as the incoming brine.
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Answer to Question 10

av
a. RC = 2000 x 500 x 107% = 1 second. So — +V =12

b. I =¢', Ve! =12e' + K, V(0) = 0 gives K = —12: V =12(1 — e ).
c. 9=12(1-e?),e?=1,t=In4~1.39s.

dv
d. el 12e~, which equals 12 V s ™! at t = 0: the voltage rises fastest at the start

and slows as the capacitor fills.

Answer to Question 11

—4++/16 — 52
a. 2m?+8m+26=0,som?>+4m+13=0,m = 5 = —24 3i. The

roots are complex, so the damping is light (underdamped).

b. z =e *(Acos3t + Bsin3t). z(0) = A= 1.
t=e2 [((—2A + 3B)cos3t+ (—2B — 3A)sin3t] and #(0) = —2A + 3B =0, so
B= 1.z =e % (Fcos3t+ §sin3t).

s
c. Period = 3 ~ 2.09 s. Each period multiplies the amplitude by

e 22/3 = e=4/3 ~ 0.0152.

d. With ¢ = 20: m? + 10m + 13 = 0, discriminant 100 — 52 = 48 > 0, two distinct
negative real roots: the damping is heavy and the scooter returns to equilibrium
without oscillating.

Answer to Question 12

set 4 — 0. 4= 22% _ £50 000
A XV |
dA
b. —= —0.044 = —2000, I = e™*, Ae™%! = 50000e "™ + K, so

A = 50000 + Ke®% A(0) = 40000 gives K = —10000. A = 50000 — 100004,
c. A=0when e’ =5 t=25In5 ~ 40.2 years.
d. £50 000, since then A’ = 0 at all times. Starting below it, the balance falls ever
faster.

Answer to Question 13

a. m? +4 = 0 gives m = +2i: zcp = Acos 2t + Bsin 2t
b. " = —9acos 3t, so —9a + 4a = 10, a = —2. General solution
x = Acos2t + Bsin 2t — 2 cos 3t.
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c. The forcing has the same frequency as the CF, so a cos 2t + bsin 2¢ gives zero on
the left side. For x = 2tsin 2t; ¢ = 2sin 2t + 4t cos 2t and & = 8 cos 2t — 8t sin 2t.
Then Z + 4 = 8cos 2t. v.

d. The factor ¢ means the amplitude grows without limit: resonance. If walkers
match the natural frequency of the bridge, the swaying increases steadily, so
soldiers break step to avoid that.

Answer to Question 14

dy
Method (integrating factor): write the equation as d_ + Py = Q, multiply by I = el Pdz

d
; the left-hand side becomes — (Iy). Integrate both sides, remember the constant,

dr
then divide by 1.

dv
a. At terminal speed the acceleration is zero. Terminal speed when — = 0:

dt
v = 02 =49 m s '. This is where air resistance balances the weight.
dv
b. — +0.2v = 9.8, I =e%2% el = 49e%2 + K, K = —49 (since v(0) = 0). So

v =49(1 — e %) This is the required result.

c. Substitute t = 10. v(10) = 49(1 — e~2) = 49 x 0.8647 = 42.4 m s '. So after 10 s
the skydiver is at about 87% of terminal speed.

d. Distance is the integral of speed.

1049(1 — e702) dt = 49[t + 5e 0] " = 49(10 + 5e 2 — 5) = 278 m (3 s.f.).
So the skydiver falls about 278 m in the first 10 seconds.

Answer to Question 15

d
Method (integrating factor): write the equation as d—z + Py = Q, multiply by I = e/ P

d
; the left-hand side becomes %(Iy). Integrate both sides, remember the constant,
then divide by 1.

. . dy . 2
a. Divide through by z so that the coefficient of = is 1; then P = s

dx
ﬁ _ Ey — 113. I = 6—2lnx — 217_2. Using efZIna: _ elna:_2 — :1,,72.
dey «x
: y d y _
b. Multiply by 2: the left-hand side is the derivative of 22 dr\32) = T, so
2 4
Y z x 2
— =—+Ciy=— +Cz= :
2 5 + Y 5 + Cz“. Check

zy — 2y = z(2z3 +2Cm)—2( +Cm): zt,
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C.

d.

1 5 zt 5
i = ]_ — 3 = — = —: e — — 2_
Substitute Y 3 5 +C, C 5 Y 5 + 293
y(2) =8+ 10 =18. y' = 223 + 5z > 0 for = > 0, so there is no stationary point.

So the curve is always increasing for z > 0.

Answer to Question 16

m?2+2m+5=0m=—142i: yor = e *(Acos2z + Bsin2z).

vy =a,y" =0:2a+b5ax+5b=5x+12.Soa=1and2+5b=12,b=2.

ypr =T + 2.

y=e *(Acos2z + Bsin2z) + = + 2

y0)=A+2=3,A=1.y =e *[(—A+2B)cos2z + (—B — 2A)sin2z] + 1, and
y'(0)=—-A+2B+1=0gives B=0.Soy=e “cos2z+ x + 2. As x grows the
oscillating term dies away and y = = + 2.

Answer to Question 17

Critical damping when the discriminant is zero: c? —100 =0, so ¢ = 10.

m2 +6m + 25 =0, m = —3 £ 4i. The roots are complex, so the motion oscillates
with decaying amplitude.

m? + 12m + 25 = 0, discriminant 144 — 100 = 44 > 0, m = —6 + v/11.

z = Ae(-6+ViDt 4 Bo(-6-vIl)t

.x=(A+ Bt)e ™. z(0) = A=0, 3 = Be ®(1-5t), £(0) = B=2.z = 2te ™.

& =0att=0.2, so the greatest displacement is 0.4e™! ~ 0.147 m.

Answer to Question 18

o o

0

d d
I = e*. Multiplying: e =Y ye® = x, which is ——(ye”) = =.

dz dz
ye® = 322+ C.y(0) =1 givesC =1.y = (52> +1)e .
d
Product rule: d_z =ze *— (322 + e ?=e"(z— 32— 1) =—5(z—1)% "

. The gradient is never positive and is zero only at * = 1. The curve decreases for

all z > 0 and has a stationary point of inflection at * = 1, with y = 1.5e7 ! ~ 0.552
.lttendsto 0 as ¢ — oo.

Answer to Question 19

a.

From the first equation 2y = ¢ + z. Differentiate: 2y = £ + . Substitute
y= 20—y i+&=—4z—2y=—4z — (£ +x),so &+ 2&+ 5z =0.
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b. m=—1+2i, x =e "(Acos2t + Bsin2t). z(0) = 1 gives A =1,
z(0) = —z(0 )+2y(0) —1land 2(0) = —A+2B,so B=10.z = e cos2t.
c. #=—e tcos2t —2e 'sin2t, soy = 3(&+z) = —e 'sin2t,

d. 22 +y?> =e %, so the point stays on a circle of radius e that shrinks: it spirals
clockwise into the origin (att = T it is at —e ™% on the y-axis).

Answer to Question 20

dE
a. —- =i+ wiri: = (% + w’z) = 2(—2\&) = —2Ai2.
dE _ dE
b. If A=0then —— =0, so E is constant. If A > 0 then —— < 0 and the energy falls

dt ' dt
(friction removes it).
c. # = —12sindt, so E = 72sin® 4t + 1 - 16 - 9 cos? 4t = 72sin® 4t + T2 cos? 4t = 72,
constant.
d. Here & + 42 + 13z = 0 (the scooter equation divided by 2), so 2\ = 4. Evaluate
#(1) and E'(1) numerically: both sides equal —4#(1)* ~ —0.0068. v
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