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Answers - Complex numbers
Year: Further Maths

Answer to Question 1

Method: treat  like a letter and replace  by . To divide, multiply the top and
bottom by the conjugate of the denominator, so that the denominator becomes the
real number .

Add or subtract the real parts and the imaginary parts separately. .a.
  So  and .

Expand the brackets and use , so .b.
 

The conjugate of  is  and .c.

  Check:

.
The product of a number and its conjugate is always real: .d.

 13, so  

Answer to Question 2

Method: a polynomial with real coefficients has its non-real roots in conjugate pairs
. For a quadratic, use the formula with , or use the sum and product

of the roots.

Use the quadratic formula; the discriminant is negative.a.

  The roots form a conjugate pair.

The discriminant is , so .b.

  Check: sum  and product .

For real coefficients the conjugate is also a root; then usec.
. The other root is . Sum , product ,

so . Check: .
The roots are non-real when the discriminant is negative. Need , so .d.

Answer to Question 3

Method: for , . Plot the point first to find the quadrant, then

find the reference angle  and adjust it so that .
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, first quadrant, : a.
, second quadrant, reference angle , : b.

, third quadrant, reference angle , :c.

, fourth quadrant, : d.

Answer to Question 4

Method: in modulus-argument form, multiplying multiplies the moduli and adds the
arguments; dividing divides the moduli and subtracts the arguments. The conjugate
has the same modulus and the opposite argument.

Multiply moduli, add arguments: , . Soa.
 

Divide moduli, subtract arguments: modulus , argument  b.
 and  c.

, so  d.

So working in modulus-argument form avoids expanding brackets altogether.

Answer to Question 5

A circle, centre , radius 3: .a.
The boundary and inside of a circle, centre , radius 2:b.

.
A half-line starting at the point  (not included) at  above the realc.
direction: .
Perpendicular bisector of the points  and :d.

 .

Answer to Question 6

Method: to find , write  and compare real and imaginary
parts:  and . Eliminate  to get a quadratic in ;  must be real, so
reject the negative value of .

Let :  and . Then  anda.
, so , . Roots: . Check:

.
, : , , , b.

. Roots: . Check: .
, : , , so .c.
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Answer to Question 7

Method: treat  like a letter and replace  by . To divide, multiply the top and
bottom by the conjugate of the denominator, so that the denominator becomes the
real number .

 5 ohms.  a.

 4 A.   rad. The argument isb.
negative, so the current lags the voltage.

 and . Sum . Soc.

  ohms.

Answer to Question 8

 and : a.

Multiplying by a number of modulus 1 and argument  rotates  anticlockwiseb.
through  about the origin.  45 and  .
The tips are at arguments .c.

 and
. The sum is 0.

The tips form an equilateral triangle inscribed in a circle of radius 45, so the sided.
is . Check:   m.

Answer to Question 9

Method: multiplying by  rotates a vector through  anticlockwise. To rotate about 
instead of the origin, rotate the vector , then add  back.

. . So a.
. So the drone moves to , that is the point .

The distance between two points is the modulus of the difference.b.
, so   m. Check:

the rotation keeps , and .
Points on the real axis have the form ; substitute into the equation of thec.
circle.  gives , , 
(about  and ). So the circle crosses the real axis at  and 
.
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Answer to Question 10

Method: treat  like a letter and replace  by . To divide, multiply the top and
bottom by the conjugate of the denominator, so that the denominator becomes the
real number .

, , .a.

, , .

, and . The denominator grows with , sob.
 falls: the filter weakens high frequencies.

Need , so ,  173 rad s .c.

Answer to Question 11

With : . Expanding,a.
, so .

Range: . Substituting : ,b.

, , . Then . Points
 and .

The distance between them is c.

 km. (The line is 5 km from , so the chord is .)

Answer to Question 12

Method: treat  like a letter and replace  by . To divide, multiply the top and
bottom by the conjugate of the denominator, so that the denominator becomes the
real number .

.  .  .a.
.

, so the values repeat  for ever. Both haveb.
modulus at most , so the sequence never escapes:  is inside.

.  .c.
 . , so

 escapes.



Answers - Complex numbers

maths-pdf.com 5 / 7

Answer to Question 13

 0.a.
Divide by : . Thenb.

 .

The real parts are , all negative, so the bridge is stable.c.
Points ,  and  lie on a vertical line. Their sum is , whichd.
equals  for the cubic.
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Answer to Question 14

Method: for , . Plot the point first to find the quadrant, then

find the reference angle  and adjust it so that .

 and :  .a.

 4.359;  0.409 rad.b.

 . The greatest height is  4.36 m.c.

Answer to Question 15

. .a.
.

0.
The conjugate  is also a root. b.

.
Divide: . The second factor has rootsc.

. So .

The points  and  form an isosceles trapezium with parallel sides ofd.
length 2 (at ) and 4 (at ) a distance 1 apart. Area  3.
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Answer to Question 16

. Similarlya.
. Adding, the cross terms cancel, giving

.
, , total 30. , , so  30. Theyb.

agree.
The diagonals are  and . The sum of the squares of the diagonalsc.
equals the sum of the squares of all four sides, since the sides have lengths

.

Put . , with imaginary part .d.

It is zero when  (real ) or  (that is ). Both cases are the
only ones.

Answer to Question 17

, so  is on the boundary. Equation:a.
.

Put : , ,  or . The points are  and .b.
The centre is at distance 5 from the origin and the radius is 5. Greatestc.

 10, at  . Least  0, at the origin.
The tangent at the origin is perpendicular to , so it has direction d.
(argument ) or  (argument ). The greatest 
approaches 2.498 and the least approaches  (neither is reached exactly).
The line  passes through the centre, so  of the disc is taken: .e.

Answer to Question 18

The side from  to  has the same length as the side from  to  (the modulus isa.
unchanged) and the angle between them is . An isosceles triangle with a 
apex angle is equilateral.
Let . Then . Sob.
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. Hence .
 . , ,c.

. . Verified.
Centroid , modulus . Distance to :d.

. Distance to : . All equal .

Answer to Question 19

The coefficients are real, so complex roots occur in conjugate pairs (conjugatea.
root theorem).
Product of roots , so .b.
Sum of roots , so . Sum of pairs . Productc.

, so . The cubic is .
, .d.

. Verified.
.e.

Answer to Question 20

 and . So .a.
For , , so   and  .
Similarly . Dividing,b.

 , purely imaginary.

: , and .c.

Correct.

 is the angle between the lines from  to  and from  to . Sod.

the angle subtended by the diameter is , which is the angle in a semicircle
theorem.


